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. , , 1 I n t r o d u c t i o n Aii idea of controlling chaos has been first formulated hy Ott, Grebogi, and Yorke [l] and attracted great interest among p11ysicists'ovr.r the past decadc. Wy c h o t i c systems are interest.ing snhjecta for cuntrol t.hcory and applications? The major key ingretlicnl for the control of chaos is ihe observation that, a cliaot,ic set, on which the trajectory of the chaotic proccss lives, has embedded within it a large number of unstable periodic orbits (UPOs). In addition, beciuisc 01 ergodicity, tho trajectory visits or accesses the nrighhorhood of each one of these periodic orhits. Some of these ppriodi? orhik may correspond lo a clesired syst.em's performance according to some critmion. The second ingredient is the realisation that cllaos, while signifying sensitive dependence on sniall changes to the current state ail11 henceforth rendering unpredict,able the S~S~~I I I state in the long time, also implies that the system's behavior can be altered hy using small perturbations. Then the acihility r , E t.he cbaotic system to many different, period orbits combined with its sensit,ivity to small pertorbations aliows for the control and rnanipulation of the chaotic process. These ideas stimulated a development of rich variety of new chaos control tcchniques (see Refs. [2] - [4] for review), among which the dolayed feedback control (DFC) method [5] has gained widcspread acccptance.
The DFC method is based on applying feedback proportional t,o the deviat,ion of the current state of the system from its state one p&od in the past so that tho control signal vanishes when the stabilization of the desired orbit is attained. Alternatively on the DFC for controlling delay-induced chaotic hchavior of high-speed semiconductor lasers. The EDFC presumably is the most important modification of the DFC and it will be discussed at greater length in this paper. More.precisely, the limitation is that any UPOs with an odd number of real Floquet mult.ipliers greater than unity can never be stabilized by the DFC. This limitation can be explained by bifurcation theory as follows. When an U P 0 with an odd number of real FMs greater than nnity is stabilized, one of such niultipliers must cross the unite circle on the real axes in the complex plane. Such a situation correspond to a tangent bifurcation, which is accompanied with a coalescence of T-periodic orbits. However, this contradicts the fact that DFC perturbation does not change the location of T-periodic orbits when the feedback gain varies, because the feedback term vanishes for T-periodic orbits.
Here we describe an unstable delayed feedback coritroller that can overcome the limitation. The idea is to artificially enlarge a set of real multipliers greater than unity to an cvcn number by introducing into a feedback loop an unstable degree of freedom.
Simple example: EDFC for
First we illustrate the idea for a simple unstable discrete time system = psy,, ps > 1 controlled by the EDFC:
The free system y,&+i = pSyn has an unstable fixed point y* = 0 with the only real eigenvalue p. > 1 and, in accordance with the above limitation, can not be stabilized by the EDFC for any valnes of the feedback gain K . This is so indeed if the EDFC is stable, i.e., if the parameter R in Eq. (2) satisfies the inequality 1RI < 1. Only this case has been considered in the literature. However, it is easy to show that the unstable controller with the parameter R > 1 can stabilize this system. Using the ansatz U,,, F,, a pn one obtains tlie characteristic equation
defining the eigenvalues p of the closed loop system (1,Z). The system is stable if both roots p = of Eq. and K -m, respectively. 112 = R, which correspond to two independent subsystems (1) and (Z), respectively; this means that both the controlled system and controller are unstable. With the increase of K , the eigenvalues approach each other on the real axes, then collide and pass to the complex plain. At K = Kl p S R -1 they cross symmetrically the m i t e circle lpl = 1. '1,'hen hoth eigenvalues move inside this circle, collide again on the real axes and one of them leaves the circle at I< = Kz ( p a t l)(R t 1)/2. In the interval K1 < I< < K2, the closed loop system (1,Z)
is stahle. By a proper choice of the parameters R and A ' one can stabilize the fixed point with an arbitrarily large eigenvalue p a . The corresponding staIility domain is shown in Fig. 1 (b) . For n given value pa, there is an optimal choice of the paramcters It = ROp p& leading to zero eigenvalues, = 112 = 0, such that <lie system approaches the fixed point in finite time. 
where A, > 0 is the characteristic exponent of the free system = X, y and 7 is the delay time. By a suitable resealing one can eliminate one of the parameters in Eqs. (4,s) . Thus, without a loss of generality we can take T = 1. Equations (4,s) can be solved by the Laplace transform or simply by the substitution y ( t ) , F ( t ) rn e", that yields the characteristic equation.
In terms of the control theory, Eq. (9) k=l where F ( t ) is the usual EDFC described by Eq. ( 5 ) or equivalently by Eq. (9) . Equation (8) defines a n additional unstable degree of freedom with parameters A: > 0 and X p < 0. We emphasize that whenever the stabilization is successful the variables F ( t ) and w ( t ) vanish, and thus vanishes the feedback force F,(t). We refer to the feedback law (7-9) as an nnstahle EDFC (UEDFC). To get an insight into how the IJEDFC works let us coiisidcr again the problem of stabilizing the fix point
where F:,(t) is defined by Eqs. (7-9) and A, > 0.
Hcrc ;is well as in a previous exaniple wc can take 7 = I witlrout a loss of generalit,y. Now the characteristic crlivrtiuii reads:
The iirst fraction in Eq. (12) corresponds to the t raider function of an additional unstable degree of freedom. Root loci of Eq. (1'1) is shown in Fig. 2 
ro(t) -(1 + KH) -zo(t)
. .
Due t o equality 6y(t -k~) = &"6y(t),
the delay terms in Eq. (9) are eliminated, and Eq. (9) is tranuformed to 6 F ( t ) == Hby(t), where (15) is the transfer function of the EDFC. The price for this simplification is that the Jacobian A , defining the exponents A, depends on X itself. The eigenvalue problem may be solved with an evolution matrix (PL that satisfies (16) (17) 6 ~~ t .-A@t, (Po = I .
The eigenvalues of (P, define the desired exponents: Direct integration of the nonlinear Eqs. (13, 7M) continns the resuits of linear analysis. Figures 3 (h,c) show a successful stabilization of the desired UP0
with an asymptotically vanishing perturbation. In this analysis, we used a restricted perturbation similar as we did in h f . [5] . For lF(t)j < E , the control force & ( t ) i:i calculated from Eqs. In this section we describe a generalized adaptive controller characterized by a system of ODEs and prove that it has a topological limitation concerning an odd nuniber of real positive eigenvalues of rhe steady state [65] . We show that the limitation can 
IIC overc:onie by,irnplement.ing an unstahle degree of Freedom into a feedback loop. The feedback produces n robiist method of stahiliziug a priori unknown unstable :steady states: saddles, foci, and nodes. Here :r is a scalar vari of an unstahle onedirriensioual dqnamical sy i = A'(z-n:*), A 9 > 0 tliat, \w intend to stabilize. We imagine that the locntioii of alie fixed point z* is unknown and use a feccibxk signal k(u! -'z) for stabilization. The equation iii L P ( w --z) for A': c 0 represcnts a conveiitional low-pass filter (rc circuit.) with a time constant T = -.I,'P. The limed point of r;he closed loop system iu the whole phase space of variables (z, U)) is (~' , z ' ) so that its projection on the z axes corrcsponds to the fixed point of the free system for any contrni gain k . If for some values of k t,hc closed loop syateio is stable, the controller variable TU converges to the\ steady Estate valne .U)* = :I:* arid the feedhack pmtul-hation vanishes.
The closed loop system is stable if ho1.h eigcnvalues of t,he (:liaracteristic equat.ion A' --(A* -t A' -k ) A + A " A " : : 0 arc in the left half-plane ReX < 0. The at.abilit,y conditions are: k > As + A', XsA" > 0. We se? irnniediately that thc stabilization is not possible with ii conventional low-p;ws filter since for any As > 0. ,\' .
: 0: 'wc have A"Ac < 0 and the second stability criterion is not met. However, the stabilization ciln he attaincd via 8 x 1 unstable controller with a positive parameter A'. Electronically, such a controller can be devised as the RC circuit with a negative resistance. Figure 4 shows a mechanism of stahilization. For k = 0, the eigenvalues are As and A", which correspond to the free systcni and free controller, sespectively.
With the increase of k, they approach each other on the real axes, then collide at k = k , and pass to the cornplex plane. At k = ko they cross symmetrically into t,he left half-plane (Hopf bifurcation). At k = kz we have. again a collision on the real axes and then one of the roots moves towards -cu and another approaches the origin:' For k > ko, the closed loop system is stable. An optimal value of the control gain is kz since it provides the fastest convergence to ,.
Llic fixed point.
....<
Generalized a d a p t i v e controller
Now we consider the problem of adaptive stabiliaation of a steady state in general. Lct j : = f(Z,P) (19) bc the dynamical system with N-dimensional vector variahle z and and L-dimensional vector parameter p available for an exteriial adjustment. Assume that an n-dimensional vector variable y(t) = g(z(t)) (a fnriction of dynamical variables z(t)) represents the system output. Suppose that at p = p , the system has an unstable fixed point z * that satisfies f(z',po) = 0. The location of the fixed point z' is unknown. To stabilize the fixed point we perturh the parameters by a n adaptive feedhack
where w is an M-dimensional dynamical veriahle of thc controller that satisfies
Here A , B. and C are the matrices of dimensions
and n x M , respectively and k is a scalar parameter that defines the feedback gain. T h e feedback is constructed in such a way that it does not changc the steady state solutions of the free system. This limitation can be explained by bifurcation theory, similar to Rxf. 1591. If a fixed point with an odd total number of real positive eigenvalues is stabilized, one of such eigenvalues must cross into the left halfplane on the real axes accompanied with a coalescence of fixed points. However, this contradicts the fact that the feedback perturbation does not change locations of fixed points.
From this theorem it follows that any fixed point I * with an odd number of real positive eigenvalues cannot be stabilized with a stable controller. In other words, if the Jacobian J of a fixed point has an odd number of real positive eigenvalues then it can be stabilized only with an unstable controller whose matrix A has an odd number (at least one) of real positive eigenvalues.
Controlling an electrochemical oscillator
The use of an unstable degree of freedom in a feedback loop is now demonstrated with control in an electrodissolution process, the dissolution of nickel in sulfuric acid. The main features of this process can be qualitatively described with a model proposed by Here e is the dimensionless potential of the electrode and 0 is the surface coverage of NiO+NiOH. An observable is the current (29) where VO is the circuit potential and R is the series resistance of the cell. 6V is the feedback perturhation applied to the circuit potential, k is the feedback gain. From Eqs. (29) it follows that
We see that the feedback perturbation is singular at k = R.
In a certain interval of the circuit potential Vi, a free (6V = 0) system has three coexisting fixed points: a stable node, a saddle, and an unstable focus [ Fig. 5 (a) ]. Depending on the initial conditions. the trajectories are attracted either to the stable node or to the stable limit cycle that surrounds an unstable focus. As is seen from Figs. 5 (b) and 5 ( c ) the coexisting saddle and the unstable focus can he stabilized Lahoratory experiments for this system have been successfully carried out by I. Z. Kiss and .J. L. Hudson [6G] . They managed to stabilize and track both the unstable focus and the unstable saddle steady states. For the focus the usual rc circuit has been used, while the saddle point has been stabilized with the unstable controller. The robustness of the control algorithm allowed the stabilization of unstable steady states in a large parameter region. By mapping the stable and unstable phase objects the authors have visualized saddle-node and homoclinic bifurcations directly from experimental data.
Conclusions
The aim of this paper was to review experimental implementations, applications for theoretical models, and modifications of the time-delayed feedback control method and to present some recent theoretical ideas in this field.
In Section 2 we discussed the niain limitation of the delayed feedback control method, which states that the method cannot stabilize torsion-free periodic orhits, ore more precisely, orbits with an odd number of real positive Flocke exponents. We have shown that this topological limitation can he eliminated by introduction into a feedback loop an unstable degree of freedom that changes the total number of unstable torsion-free modes t o an even number. An efficiency of the modified scheme has been demonstrated for the Lorenz system. Note that the stability analysis of the torsion-free orbits controlled by unstable controller can be performed in a similar manner as described in Ref. [57] . This problem is currently under investigation and the results will be published elsewhere.
In Section 3 the idea of unstable controller has been used for the problem of stabilizing unknown steady states of dynamical systems. We have considered an adaptive controller described by a finite set of ordinary differential equations and proved that the steady state can never he stabilized if the system and controller in sum have an odd number of rea! positive eigenvalues. For two dimensional systems, this topological limitat.ion states that only an unstable focus or node can be stabilized with a stable controller and stabilization of a saddle requires the presence of an unstable degree of freedom in a feedback loop. The use of the controller t o stabilize and track saddle points (as well as unstable foci) has been demonstrated numerically with an electrochemical Ni dissolution system.
